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Abstract
In this paper we propose a closed-form pricing formula for European basket
and spread options. Our approach is based on approximating the risk-neutral
probability density function of the terminal value of the basket using a Gauss-
Hermite series expansion around the Gaussian density. The new method is
quite general as it can be applied for a basket with a large number of assets
and for all dynamics where the joint characteristic function of log-returns is
known in closed form. We provide a simulation study to show the accuracy
and the speed of our methodology.
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1 Introduction
Basket options are exotic options whose underlying is a basket composed by a weighted
sum of different assets. Assuming that the basket is composed by n assets, the payoff
of a basket option is max {∑ni=1wiSi(T )−K, 0}, where i ∈ {1, . . . , n} is the sub-
script associated to each asset included in the basket, wi is the weight associated to
the i-th underlying, Si(T ) is the spot price of the i-th asset at the maturity date T
and K is the strike price. These products are widely traded for hedging purposes.
Indeed, they allow to hedge portfolio risk at a lower cost than a combined hedging
strategy on each individual component of a portfolio. A popular subcategory of bas-
ket options are spread options, i.e. options whose basket is composed only by two
assets and the weights are equal to 1 and −1. The payoff of a spread option is given
by max {S1(T )− S2(T )−K, 0}. Spread options are extensively used in equity, fixed
income, foreign exchange and commodity markets to hedge correlation risk among
pairs of assets.
Pricing basket and spread options is quite challenging, as the distribution of the
basket value is generally unknown even for parsimonious dynamics of the underlying
assets. Consider, for instance, the simplest scenario that each of the underlying as-
sets follows a log-normal process. Since a linear combination of log-normal processes
is no longer log-normal, even in this trivial case, it is not possible to determine a
closed-form pricing formula for the option price. The only case for which a closed-
form pricing formula actually exists is for exchange options (i.e. spread options with
strike price equal to zero) and it has been derived by Margrabe (1978). To circumvent
this issue, academic research has focused the attention on two possible approaches
to price the wide plethora of multi-asset options: numerical methods and analytic
approximation models.
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The former include numerical integration methods, numerical solution to partial
differential equations and Monte Carlo simulation. The best numerical approach we
are aware of is the one by Hurd and Zhou (2010), who propose a numerical integration
method for pricing European spread options in two or higher dimensions using the
fast Fourier transform (FFT). On a similar track, Caldana and Fusai (2013) derive
an approximate formula for European spread options, by extending the approach of
Bjerksund and Stensland (2011) and using a univariate Fourier inversion. In gen-
eral numerical methods provide more accurate prices. However, when the number
of the underlying assets is relatively high, they become extremely slow and factually
inapplicable. As a consequence, practitioners tend to prefer analytic approximation
models, as they allow to get option prices quite quickly and they are suitable for risk
management practices, as they permit to derive Greeks in a straightforward way.
Analytical approximation methods encompass a broad range of models that can
be distinguished in two main categories: exercise boundary methods and moments
matching models.
The former allow to retrieve the option price by approximating the non-linear exercise
boundary. The popular approximation method by Kirk (1995) can be attributed to
this class. More recent contributions by Carmona and Durrleman (2003), Deng et al.
(2008), Li et al. (2012) and Bjerksund and Stensland (2011) provide a significant
improvement in this direction.
Model matching models are based on the idea that the risk-neutral distribution of the
underlying basket can be approximated by the method of moments. In this regard,
Krekel et al. (2004) provide a comprehensive review of pricing models for European
basket options proposed by Le´vy (1992), Milevsky and Posner (1998a), Milevsky and
Posner (1998b). Among newly proposed approximation methods, Borovkova et al.
(2006) and Borovkova et al. (2007) come up with a valuation approach for European
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spread options and basket options that is based on the approximation of the basket
distribution using the generalized family of log-normal distributions (GLN), whilst
Deelstra et al. (2010) derive approximation formulae for Asian basket spread options
using comonotonic bounds and moment matching techniques.
Further approximation methods are those of Gentle (1993), who approximates the
basket payoff using a geometric average instead of an arithmetic average, of Beisser
(1999), who derives the price of a basket call option as a weighted sum of artifi-
cial European call prices, of Venkatramanan and Alexander (2011) and Alexander
and Venkatramanan (2012), who retrieve closed-form approximations for European
spread options, basket options and rainbow options as the sum of the prices of com-
pound exchange options. Closer to this work is the approximation method by Ju
(2002), who proposes a pricing formula for European basket options based on a Tay-
lor expansion of the ratio of the characteristic function of the arithmetic average to
that of the approximating log-normal random variable around zero volatility.
The approach we propose in this paper is mainly based on approximating the
risk-neutral density of the terminal value of the basket using an expansion around a
density which is easy to compute. This methodology has been widely used for pric-
ing options on a single asset. Jarrow and Rudd (1982) were the first to propose the
density expansion approach using the Edgeworth series to expand the risk-neutral
density of the terminal asset price around the log-normal density. Following a sim-
ilar methodology, Corrado and Su (1996, 1997) derived an option pricing formula
using the Gram-Charlier Type A series to expand the risk-neutral density of the as-
set log-return around the Gaussian density. Starting with Corrado and Su (1996,
1997), the Gram-Charlier density expansion has become a popular tool to evaluate
single asset options, as shown by Jurczenko, Maillet, and Negrea (2002). In spite
of his straightforward implementation, the Gram-Charlier density expansion shows
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several drawbacks. Firstly, the probability density functions obtained according to
the Gram-Charlier series expansion may yield negative probability values. This issue
is not actually particularly severe, as Jondeau and Rockinger (2001) and Rompolis
and Tzavalis (2007) have proposed two different methods to cope with it. A more
relevant problem with the Gram-Charlier series expansion is that it lacks of conver-
gence for heavy tailed distributions, which are those of major interest in finance.
Indeed, Cramer (1957) showed that the Gram-Charlier Type A series expansion con-
verges only if the speed of convergence of the probability density function is greater
than exp (−x2/4) and this condition is satisfied only for a small class of distributions.
This issue implies that, when approximating the density function of a fat-tailed dis-
tribution, the more terms are included in the Gram-Charlier series expansion, the
worse will be the accuracy of the option price derived according to this approach.
A possible way to tackle this problem is to consider a modified Gram-Chalier ex-
pansion, namely the Gauss-Hermite expansion, which is convergent for heavy tailed
distribution as shown by Myller-Lebedeff (1907). The main difference between the
Gram-Chalier expansion and the Gauss-Hermite expansion consists essentially in the
adopted Hermite polynomial. Indeed, the Gram-Charlier Type A series expansions
uses the “probabilits’” Hermite polynomials while the Gauss-Hermite series expansion
employs the “physicists’” Hermite polynomials. Following the Gauss-Hermite expan-
sion approach, Necula, Drimus, and Farkas (2013) derive a Black-Scholes-Merton-like
formula for European options on a single asset by expanding the risk-neutral density
of the log-returns of the underlying asset in a Gauss-Hermite series expansion. Re-
cently the approximation of the risk-neutral density of the underlying has started to
be used also in multi-assets option pricing. Paletta, Leccadito, and Tunaru (2013)
derive a closed-form formula for pricing European basket options when assets follow
a shifted log-normal process with jumps using a “probabilists” Hermite polynomial
4
expansion of the probability density of the terminal value of the basket.
In this paper we extend the approach of Necula, Drimus, and Farkas (2013) to
develop an approximation for pricing European basket and spread options. Assuming
that the joint characteristic function of log-returns of the underlying assets is known in
closed form, we derive a Bachelier-like option pricing formula using the Gauss-Hermite
series expansion of the risk-neutral density of the terminal value of the basket around
the Gaussian density.
The remainder of the paper is structured as follows. In section 2 we present the
Gauss-Hermite series expansion. In section 3 we derive the Bachelier-like pricing
formula for European call options and explain how it can be employed for pricing
basket options. In section 4 we present a simulation study. The last section concludes.
The appendix collects various proofs.
2 The Gauss-Hermite series expansion
The Gauss-Hermite series expansion allows to approximate the probability density
function of a random variable by expanding it around the Gaussian density using
“physicists” Hermite polynomials. Consider a random variable X distributed accord-
ing to a continuous and strictly increasing distribution function F with mean µ and
standard deviation σ. The probability density function of X can be represented as a
Gauss-Hermite series expansion around the Gaussian density as follows:
f(x) =
1
σ
z
(
x− µ
σ
) ∞∑
n=0
anHn
(
x− µ
σ
)
(1)
where z(x) is the standard normal density, an are the expansion coefficients and Hn(x)
denotes a n-th order “physicists” Hermite polynomial as defined in Abramowitz and
Stegun (1964). The “physicists” Hermite polynomial can be obtained recursively by
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Hn+1(x) = 2xHn(x) − 2nHn−1(x) with H0(x) = 1 and H1(x) = 2x. It forms an
orthogonal basis on (−∞,+∞) with respect to the weight function w(x) = e−x2 .
Relying on this orthogonality condition, it is possible to show that the expansion
coefficients are given by
an =
√
pi
2n−1n!
∫ ∞
−∞
z
(
x− µ
σ
)
Hn
(
x− µ
σ
)
f(x)dx (2)
and these coefficients result to be a linear combination of some weighted moments of
X, namely E
[(
x−µ
σ
)n
z
(
x−µ
σ
)]
.
One issue with the Gauss-Hermite series expansion is that the integral of the
approximated density function over the space where X takes values is not necessarily
equal to one. Indeed, this condition is satisfied only in the limit as it is equivalent to
the identity
∑∞
k=0 a2k
(2k)!
k!
= 1. Nevertheless, including a sufficiently high number of
terms in the series expansion allows to prevent this problem. A possible alternative
could be to normalize the expansion coefficients so that the truncated sum adds to
one.
Similarly to the probability density function, also the characteristic function ϕ
of the random variable X, can be approximated using the Gauss-Hermite expansion
with the same coefficients (e.g. Necula, Drimus, and Farkas, 2013):
ϕ(φ) = exp
(
iµφ− σ
2
2
φ2
) ∞∑
n=0
ani
nHn(σφ) (3)
where i =
√−1.
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3 A generalized Bachelier option pricing formula
By expanding the risk-neutral density of the log-returns of the underlying asset in a
Gauss-Hermite series expansion, Necula, Drimus, and Farkas (2013) derive a gener-
alized Black-Scholes-Merton formula for European options. As the following result
points out, the Gauss-Hermite series expansion of the terminal value of the underlying
allows to derive another type of closed form formula for pricing European options, a
generalized Bachelier formula.
Proposition 1. (Generalized Bachelier option pricing formula) Assume that the risk-
neutral density of the terminal value of the underlying asset for the time horizon τ
is characterized by mean µ := µ(t, τ), standard deviation σ := σ(t, τ) and Gauss-
Hermite expansion coefficients (an := an(t, τ))n∈N.
Then the premium at time t of a European call option with strike price K and
maturity t+ τ is given by:
c (µ, σ,K, r, τ ; {an}) = e−rτ
∞∑
n=0
an {(µ−K) Jn + σ [Hn(−d)z(d) + 2nJn−1]} (4)
where r is the risk-free interest rate, d = (µ−K) /σ and Jn verifies the recursion
relation Jn+1 = 2Hn(−d)z(d) + 2nJn−1 with J0 = N(d) and J1 = 2z(d) where N(.) is
the cumulative distribution function of a standard normal variable.
Proof. see the Appendix.
Remark 1. Due to the martingale condition, one has that µ(t, τ) := E[St+τ ] = Ste
rτ
where S is the spot price on the underlying. Moreover, from equation (3), using the
relation between the mean and the characteristic function, it follows that the Gauss-
Hermite coefficients have to observe the restriction
∑∞
n=1 nani
nHn−1 (0) = 0.
7
Remark 2. If the risk-neutral density of the terminal value is assumed Gaussian then
the Gauss-Hermite expansion coefficients are given by a0 = 1 and an = 0, n ≥ 1 and,
therefore, equation (4) reduces to the Bachelier formula.
The generalized Bachelier formula (4) is particularly useful for pricing a Euro-
pean basket option when the joint characteristic function of the log-returns of the
assets included in the basket is known in closed form. Since the value of the bas-
ket is given by a linear combination of asset prices, the moments of the terminal
value of the underlying basket can be easily computed using the multinomial ex-
pansion formula. For exemplification, let us consider the case of a basket of two
assets, w1S1(t) + w2S2(t). Denote by ϕ(φ1, φ2) the joint characteristic function of
log-prices, ϕ(φ1, φ2) := E[e
φ1ln(S1(t+τ))+φ2ln(S2(t+τ))], which is known in closed form.
Using the binomial expansion formula, it follows that the n-th moment of the ter-
minal value of the basket can be computed as E[(w1S1(t + τ) + w2S2(t + τ))
n] =∑n
k=0
(
n
k
)
wk1w
n−k
2 ϕ(−ik,−i(n−k)). The Gauss-Hermite expansion coefficients can be
determined from the moments of the terminal value of the underlying basket using an
intermediate procedure based on the type C Gram-Charlier series expansion (Mus-
colino and Ricciardi, 1999; Rompolis and Tzavalis, 2007). First, we compute the first
20 moments of the risk-neutral conditional distribution of the terminal value of the
basket using the procedure described above. Next, we approximate the probability
density function using the type C Gram-Charlier series expansion (C-GCSE) trun-
cated after 10 terms ∗ by computing the expansion coefficients of the C-GCSE from
the first 20 moments using the method in Rompolis and Tzavalis (2007). In contrast
with the classical type A Gram-Charlier expansion, the type C expansion guarantees
that the values of the risk neutral density will be always positive. On the downside,
∗A C-GCSE truncated after 10 terms provided good results in the simulation study. Increasing
the number of terms in the truncation also increases the computational burden since a double number
of moments are required to compute a given number of C-GCSE expansion coefficients.
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there is no closed form formula for option prices when approximating the risk neutral
probability distribution function with a C-GCSE. Finally, the Gauss-Hermite coeffi-
cients can be computed from equation (2) using the C-GCSE approximation of the
probability density function obtained in the previous step. A similar procedure was
employed in Farkas, Necula, and Waelchli (2015) to obtain closed-form option prices
in the context of a non-affine stochastic volatility model.
4 Simulation study and preliminary results
In this section we present a preliminary simulation analysis that gives support to the
soundness of the proposed approach.
Let us consider the pricing of a European call option on the spread between
two baskets (i.e. a basket spread option), where each basket is composed by three
assets. The payoff of this option is given by max
{
S˜1(T )− S˜2(T )−K, 0
}
where
S˜1(T ) =
∑3
i=1wiSi(T ) and S˜2(T ) =
∑6
i=4wiSi(T ). The dynamics of the assets is
modeled by a multivariate Geometric Brownian Motion †. The initial value of the six
assets is equal to 100 u.m., so that the value of the spread at inception is zero. The
time to maturity of the option is three months and the risk-free rate is set at 5%. We
consider three different values for the strike price, respectively -5, 0 and 5 u.m. We
take as the benchmark value of the basket spread option the price obtained through a
Monte Carlo simulation with 10,000,000 paths. Figure 1 depicts the logarithm of the
empirical density of the terminal value of the basket obtained through Monte Carlo
simulations, along with the logarithm of the risk-neutral density approximated using
the Gauss-Hermite series expansion truncated after 20 terms.
In Table 1 we report the benchmark prices obtained through Monte Carlo simu-
lations and the option prices computed according to the proposed general Bachelier
†The volatilities and the correlations were randomly generated.
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Figure 1: Logarithm of the empirical density of the terminal value of the basket
obtained through Monte Carlo simulation and logarithm of the risk-neutral density
approximated using the Gauss-Hermite series expansion around the Gaussian density.
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formula, along with the respective computation times ‡.
Table 1: Prices of call option on the spread between two baskets obtained according
to Monte Carlo simulations (benchmark price) and on the basis of proposed closed-
form pricing formula. The value of the option is computed for three different strike
prices. The number in brackets under each price obtained according to Monte Carlo
simulations is the standard error. Computation time in seconds is displayed for each
approach.
Strike (u.m.)
Monte Carlo General Bachelier Formula
Price (u.m.) Time (s) Price (u.m.) Time (s)
-5
16.7375
8.3386 16.7403 0.4211
(0.0076)
0
14.2115
8.1379 14.2062 0.4078
(0.0071)
5
11.9546
8.2874 11.9498 0.4050
(0.0065)
The approximate value of the spread basket option obtained according to out
pricing formula is considerably close to the benchmark value for all the strike prices
taken into account. Beside the degree of accuracy, the proposed methodology shows
a relevant gain in speed since the option price can be obtained roughly twenty time
faster than using Monte Carlo simulations. This property is particularly convenient
when it comes to price multi-assets options where the underlying basket is composed
by many assets. Indeed, it would allow to overcome the computational issues related
to numerical methods.
‡Computation and programming have been done in MATLAB 2015b using a machine using
Intel(R) Core(TM) i7-3632QM CPU 2.2GHz, 8GB RAM.
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5 Concluding Remarks
Basket options are exotic options whose underlying is a basket composed by a weighted
sum of different assets. Pricing basket options is quite challenging, as the joint dy-
namics of the underlying assets is generally unknown. Academic research has focused
the attention on two possible approaches to price basket options: numerical methods
and analytic approximation models. In general, numerical methods provide more ac-
curate prices, but when the number of the underlying assets is relatively high they
become extremely slow and factually inapplicable. For this reason practitioners tend
to prefer analytic approximation models. In this work we proposed a closed-form
pricing formula to approximate the value of European basket and spread options.
Our approach is based on using a Gauss-Hermite series expansion for the risk-neutral
probability density function of the terminal value of the basket. The method can be
applied for a basket with a large number of components and for all models where the
joint characteristic function of log-returns is known in closed form. The simulation
study pointed out the accuracy and the speed of the new methodology.
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Appendix
Proofs
Proof of Proposition 1. If one denotes by pt+τ (St+τ ) the terminal underlying price
risk-neutral density and by p(x) the corresponding standardized risk-neutral density
then we have that:
c (µ, σ,K, r, τ ; {an}) = e−rτ
∫ ∞
−∞
max(St+τ −K, 0)pt+τ (St+τ )dSt+τ
= e−rτ
∫ ∞
−∞
max(µ+ σx−K, 0)p(x)dx
= e−rτ
∫ ∞
−d
(µ+ σx−K)p(x)dx
Taking into account the Gauss-Hermite expansion of the risk-neutral density, one
has that
∫∞
−d p(x)dx =
∑∞
n=0 anJn with Jn :=
∫∞
−dHn(x)z(x)dx. At the same time∫∞
−d(µ + σx)p(x)dx =
∑∞
n=0 an
∫∞
−d(µ + σx)Hn(x)z(x)dx. Using integration by parts
and the fact that z′(x) = −xz(x) it follows that ∫∞−d(µ + σx)Hn(x)z(x)dx = µJn +
σ[z(d)Hn(−d) + 2nJn−1].
Using the properties of Hermite polynomials, namelyHn+1(x) = 2xHn(x)−2nHn−1(x),
H ′n(x) = 2nHn−1(x) and integration by parts, one can obtain the recursion equations
for Jn as follows:
Jn+1 =
∫ ∞
−d
Hn+1(x)z(x)dx =
∫ ∞
−d
(2xHn(x)−H ′n(x)) z(x)dx
= 2Hn(−d)z(d) +
∫ ∞
−d
H ′n(x)z(x)dx
= 2Hn(−d)z(d) + 2n
∫ ∞
−d
Hn−1(x)z(x)dx
= 2Hn(−d)z(d) + 2nJn−1.
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Finally, one has J0 =
∫∞
−d z(x)dx = N(d) and J1 =
∫∞
−d 2xz(x)dx = 2z(d).
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